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A theory of the Jahn—Teller effect in trinuclear CrIII and FeIII µ�oxocomplexes based on
the generalized angular overlap model is developed. The central bridging O atom is not local�
ized at the center of the triangle formed by the metal atoms. Rather, it executes a free or
hindered motion along a circular groove of radius 0.05—0.1 Å. The theory provides a qualita�
tive explanation for apparent discrepancy between the X�ray structural data and the results of
the heat capacity, magnetic susceptibility, and inelastic neutron scattering measurements.
Namely, X�ray structural data correspond to a regular triangle symmetry while other data
correspond to an equilateral or even irregular triangle symmetry.
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Trigonal transition metal µ3�oxoclusters have long
been attractive as metal enzyme models1 and building
blocks for complexes with more intricate structures2,3 that
can potentially exhibit magnetic memory effects.

Trinuclear complexes of general formula
[M3O(OOCR)6L3]+•nL´, where M = FeIII or CrIII, L is a
monodentate neutral ligand, and L´ are outer�sphere
ligands (including an anion, usually Cl–) (Fig. 1) have
been studied in most detail. According to the results of
numerous X�ray studies (see, e.g., Refs 4—12), the atoms
M are separated by nearly 3.3 Å and occupy vertices of a
regular or nearly regular triangle with a bridging atom
O(µ3) at the center. Pairs of carboxyl groups OOCR–

form additional bridges connecting the atoms M and the
terminal O atoms of these groups form the equatorial
planes of the MLO5 distorted octahedra. In all complexes
the atoms M deviate from the plane passing through four
oxygen atoms of the carboxyl groups toward the central
oxygen atom. The M—O(µ3) distance is nearly 1.9 Å,
being much shorter than the length of the "normal" bond
between the atom M and the atom O of the OOCR group
(~2.0 Å) but appreciably longer than the length of the
multiple M—O bond (~1.7 Å) in dinuclear µ2�oxo�
complexes.13 As result, trinuclear carboxylate complexes
have strained structures because the M—O(µ3) distance
exceeds an optimum value. The axial ligands L complete

the coordination sphere of the M atoms to a pseudo�
octahedral one.

In this ligand environment, CrIII and FeIII ions have
orbitally nondegenerate ground states 4A2 and 6A1 with
the spins si = 3/2 and 5/2, respectively (the subscript "i"
enumerates the metal atoms). Therefore, the spin level

Fig. 1. Structure of [M3O(OOCR)6L3]+ cation.
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schemes of polynuclear CrIII and FeIII complexes must be
correctly described by bilinear isotropic spin Hamilto�
nian,14 which for trinuclear complexes with a regular tri�
angle symmetry has the form

, (1)

where –2J0 is the exchange parameter, and  are the
particle spin operators (i = 1, 2, 3).

A solution of the spin Hamiltonian (1) is well known:

E = –J0[S(S + 1) – 3s1(s1 + 1)], ϕ = |s1,s23,S>, (2)

where

s23 = s2 + s3,s2 + s3 – 1,..., |s2 – s3|,

S = s1 + s23,s1 + s23 – 1,..., |s1 – s23|. (3)

According to the results of magnetic measurements,
the complexes under study are characterized by –2J0 ≈
18—22 cm–1 (M = CrIII)15—17 and –2J0 ≈ 50—60 cm–1

(M = FeIII).16—20 Thus, both types of complexes are anti�
ferromagnetic with the ground state ϕ = |s1, s23, 1/2>
degenerate with respect to s23, namely, s23 = 1, 2 for
si = 3/2 and s23 = 2, 3 for si = 5/2.

Studies15,18 showed that agreement between the theo�
retical curves χ(T ) and experimental data can be signifi�
cantly improved by considering a distorted rather than
regular geometry of the M3O triangles. In particular, for a
bilateral M3O triangle the spin Hamiltonian (1) takes
the form

. (4a)

For clarity, here we assume that the atom M1 is non�
equivalent. It should be noted that our interest is with the
distortion induced deviations of the exchange parameters
from some average values rather than the exchange pa�
rameters themselves. Because of this, it is convenient to
rewrite the spin Hamiltonian  in the form

(4b)

The corresponding solution is given by

E = –J0[S(S + 1) – 3s1(s1 + 1)] –

– j´[s23(s23 + 1) – 2s1(2s1 + 1)]. (5)

Here, spin degeneration with respect to s23 is removed. In
particular, the ground�state levels (S = 1/2) become split
with a splitting value of ∆. Since for complexes of both
metals one has |j´/J0| = 0.15—0.20, the ∆ value is rather
large, namely, ~10 cm–1 for Cr and ~25 cm–1 for Fe.15—20

Splitting of the ground�state levels of complex
[Cr3O(AcO)6(H2O)3]Cl•6H2O corresponding to

|j´/J0| ≈ 0.1 was confirmed by the results of low�tempera�
ture heat capacity measurements21,22 and by high�resolu�
tion optical spectroscopy.23 Spin level splitting measure�
ments in related iron complexes by inelastic neutron scat�
tering at helium temperatures were also reported.10,24 The
results obtained suggest that to describe splittings between
the spin levels for S = 1/2 and S = 3/2, one should use the
spin Hamiltonian given by expressions (4) 24 or even the
spin Hamiltonian of irregular triangle model10

. (6a)

Similarly to the spin Hamiltonian (4), here it is conve�
nient to group the terms describing structural distortion,
i.e., to rewrite  in the form

(6b)

where

–2J0 = (–2J12 – 2J23 – 2J31)/3,

–j12 = 2J0 – 2J12 etc.

The spin Hamiltonian (6) has no analytical solution; a
corresponding numerical solution can be obtained by
straightforward diagonalization of the spin Hamiltonian
matrix. Convenient relations for calculating the matrix
elements of the spin Hamiltonian (6) are available in the
literature.25 They can also be derived using the irreducible
tensor operator method.26

Since X�ray diffraction studies revealed no strong dis�
tortions of the M3O triangles, a possible alternative to the
spin Hamiltonians (4) and (6) is to consider other types of
interactions in addition to the spin Hamiltonian (1) .

For instance, the results of low�temperature heat ca�
pacity21 and magnetic susceptibility27 measurements for
complex [Cr3O(AcO)6(H2O)3]Cl•6H2O were explained28

taking into account antisymmetrical exchange:

, (7)

i, j = 1, 2; 2, 3; 3, 1,

which leads to splitting of the ground�state levels. The
accuracy of theoretical description of the magnetic prop�
erties of this complex significantly increases assuming that
structural distortion rather than antisymmetrical exchange
makes the major contribution to ∆ value.29 This model
also permits a correct description of the EPR spectra of
chromium complexes,29 being consistent with the Moria
estimate, namely, |Dz| ≈ |(g – 2)•J0/2|.14,30 Indeed, be�
cause for high�spin CrIII complexes the g�factor aniso�
tropy, |g – 2|, is at most 0.03,31 one gets |Dz| ≤ 0.25 cm–1.
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The estimate of the ground�state level splitting, ∆ =
4 Dz ≈ 2 cm–1, is much less than the observed value
(∆ ≈ 10 cm–1). For the iron complexes, |g – 2| < 0.01 31

and the relative contribution of antisymmetrical exchange
to the ∆ value is even smaller.

Agreement between the regular triangle model and
experimental data on low�temperature heat capacity
of complex [Cr3O(AcO)6(H2O)3]Cl•6H2O can be im�
proved32 with allowance for intermolecular exchange.
However, the necessary intermolecular exchange param�
eter value is an order of magnitude greater than the upper
bounds of the estimates obtained from magnetochemical28

and spectroscopic33 data.
Finally, agreement with the bilateral triangle model

can be somewhat improved by taking into account biqua�
dratic exchange28,32:

, (8)

i < j = 1, 2, 3,

where –2j1 – 2j2 and –2j2 are parameters corresponding
to two types of biquadratic exchange described by the
operators of the types (s1s2)2 and (s1s2)(s2s3) + (s2s3)(s1s2),
respectively. However, this improvement is insignificant
compared to that achieved using the unsymmetrical clus�
ter model.17 In addition, trinuclear CrIII and FeIII clusters
with a regular triangle symmetry have a doublet orbitally
degenerate ground state 2E.34 This degeneracy cannot be
removed by any Coulomb interaction including biqua�
dratic exchange.

Thus, the nature of the discrepancy between the X�ray
structural data and the results of magnetic, thermody�
namic, and spectroscopic measurements remains unclear
as yet. In this work we will consider a mechanism provid�
ing an explanation for these facts.

Consider trinuclear FeIII complexes which have been
studied in most detail. Variation of radical R in the cation
[Fe3O(OOCR)6L3]+ has a little effect on the magnetic
properties of the complexes.16—20 Moreover, replacement
of the bridging ligands OOCR by SO4 groups also insig�
nificantly affects the parameter –2J0 35 (cf. a decrease in
–2J0 by nearly two orders of magnitude in other types of
compounds36). This unambiguously proves that exchange
interactions via the bridging atom O(µ3) are predominant
in the complexes under study. We can also state that
exchange due to the overlap between the z2�orbitals and
the bridging atom orbitals is the strongest. Indeed, d�
orbitals of the metal atom in pseudooctahedral environ�
ment are arranged in the order x2 – y2 ≈ z2 > xy ≈ xz ≈ yz.
Therefore, on going from CrIII d3�complexes to FeIII

d5�complexes the unpaired electrons appear in the
x2 – y2�orbitals, which are not involved in the interaction
with orbitals of the O(µ3) atom, and in the z2�orbitals.
This is accompanied by a dramatic increase in the ex�

change parameter –2J0. Even stronger is the increase in
the exchange energy –2JΣ = –2J0•4SiSj, namely, from
~200 cm–1 to ~1500 cm–1.14

The structure of the Fe3O fragment is schematically
shown in Fig. 2. The undistorted unit has a D3h symmetry.
X�Ray diffraction studies revealed no strong static distor�
tions of the Fe3O structure. This gives grounds to con�
sider the dynamics of the Fe3O fragment, i.e., atomic
vibrations. To a first approximation, we can allow for the
motion of the O atom only because it is much lighter than
the Fe atoms and its vibration amplitude is larger. We will
not dwell on out�of�plane vibrations of the O atom be�
cause they do not violate the trigonal symmetry. To de�
scribe the in�plane motion of the atom O, we will intro�
duce cylindrical coordinates r and ϕ (see Fig. 2) and use
them along with Cartesian coordinates x = rcosϕ and
y = rsinϕ.

Since the thermal vibration amplitude is small,12 we
can consider r << R0, where R0 is the distance from the Fe
atom to the center of the triangle. In this approximation
the changes in the Fe—O distances due to the motion of
the O atom are

ρi = R0 – |R0cosθi – x, R0sinθi – y| =

= R0 – |R0cosθi – rcosϕ, R0sinθi – rsinϕ| ≈

≈ –rcos(ϕ – θi), (9)

where θi = 0°, ±120° are the angular coordinates of the Fe
atoms.

Since the Fe—O bonds are strained, the elastic force,
ke•∆x, decreases as these bonds are shortened and in�
creases as they are elongated. Therefore, the additional
force exerted by each Fe atom on the O atom displaced
from the equilibrium position is Fi = –ke•rcos(ϕ – θi)
and the direction of this force is given by the vectors
n→i = (cosθi, sinθ)i. Summing the contributions of all the
three interactions, we get

, . (10)

Fig. 2. Systems of coordinates in M3O fragments. Local axes z of
the metal atoms M are directed toward the center of the triangle.
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Thus, the central atom O moves in a cylindrical po�
tential with no preferential directions. The equilibrium
position corresponds to r = 0 and the cluster has a trigonal
effective symmetry in this approximation.

As mentioned above, both CrIII and FeIII complexes
have an orbitally degenerate ground state 2E. As a conse�
quence, they must exhibit first�order Jahn—Teller effect.37

Indeed, from the symmetry theory37 it follows that
z2�orbitals of the three Fe atoms are involved in the in�
plane antibonding orbitals in the form of the following
combinations:

, (11a)

, (11b)

. (11c)

The orbital A1 weakly interacts with the s�orbital of
the central atom O. The corresponding antibonding or�
bital is a nearly nonbonding orbital occupied by two elec�
trons. The degenerate orbitals E1 and E2 strongly interact
with the x� and y�orbitals of the atom O. The correspond�
ing antibonding orbitals have higher energies and are oc�
cupied by one unpaired electron, which leads to the ground
state 2E.

To obtain a correct ground�state energy with allow�
ance for the motion of the central atom O, one should
construct a matrix for the operator of electron�vibrational
interaction in the basis set of the functions E1 and E2 37:

V = V´xx + V´yy. (12)

From the generalized angular overlap model38,39 it
follows that the matrix elements of the effective Hamilto�
nian of the interaction between i�orbitals of metal atoms
through a monatomic bridge can be written in the form

hij = Σmeσ<i|m><m|j>, (13)

where eσ is the energy parameter; <i|m> = ti•G(i,m) is the
term appearing in the overlap integral of the type "metal i�
orbital—ligand m�orbital", where ti describes the radial
dependence of the term and G(i,m) describes the angular
dependence of the term. By definition, the function G(i,m)
is equal to unity at maximum angular overlap. The pa�
rameter eσ contains the absolute value of the overlap inte�
gral at G(i,m) = 1 and a "standard" metal—ligand dis�
tance R0. Summation is performed over all ligand orbitals
(m = x, y). If the metal—ligand distance varies only
slightly, one has38

ti ≈ (1 + ρi/R0)–β ≡ (1 + qi)
–β ≈ (1 – βqi), (14)

and expression (13) takes the form

hij = Σmeσ(1 – βqi)(1 – βqj)G(i,m)G(j,m). (15)

From the definition of ρi (9) it follows that at r << R0

∂ρi/∂x = –R0cosθi, ∂ρi/∂y = –R0sinθi.

From here and from Eqn (15) one gets for expression (12)

V´x = βeσ(cosθi + cosθj)ΣmG(i,m)G(j,m),

V´y = βeσ(sinθi + sinθj)ΣmG(i,m)G(j,m), (16)

and the expressions for the matrix elements of the elec�
tron�vibrational interaction (12) take the form

<E1|V |E1> = 3/2βeσr cosϕ,

<E2|V |E2> = –3/2βeσr cosϕ,

<E1|V |E2> = <E2|V |E1> = –3/2βeσr sinϕ. (17)

The eigenvalues of the 2×2 matrix thus obtained are as
follows

ε1,2 = ±3/2βeσ  = ±3/2βeσr. (18)

Thus, the energy of the lowest sheet of adiabatic po�
tential with allowance for the elastic interaction consid�
ered above is given by

W = 3/4ker2 – 3/2βeσr. (19)

In the coordinates r,ϕ the potential W has a "Mexican
hat" shape.38 Potential minima corresponding to W´ = 0
are arranged in a circumference of radius

r0 = βeσ/ke, (20)

and the corresponding Jahn—Teller stabilization energy is

∆W = 3/4β2eσ
2/ke. (21)

Let us evaluate r0 and ∆W. For the Fe—O bonds,
eσ ≈ 104 cm–1.38 At normal bond lengths, one has β ≈ 3,
while at shortened bonds, β ≈ 1—2. Since the energy of
in�plane vibrations of the O atom is of the order of
600 cm–1 40 and the reduced mass is 16 a.u., for the force
constant we get ~2•105 cm–1 A2.41 Substitution of these
values into Eqn (20) gives r0 ≈ 0.05—0.1 Å. Similarly,
for the Jahn—Teller stabilization energy (21) we get
∆W ≈ 103 cm–1.

Thus, the central atom O is on the average located
within a circular groove of radius r0 ≈ 0.07 Å whose depth
(~103 cm–1) is sufficient to hold the atom O at all reason�
able temperatures. As applied to X�ray diffraction data,
this leads to apparent isotropy of the thermal ellipsoid of
the atom O in the XY plane. However, at every instant of
time the triangle is distorted. Consider how this manifests
itself in magnetic interactions.

From general considerations14,38 it follows that the
exchange parameter is proportional to the product of the
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metal—ligand overlap integrals squared. In our notations
(see Ref. 14) this means that

–2jij ≈ –2J0(1 – 2βqi)(1 – 2βqj) + 2J0 ≈

≈ –2J0(–2βr0/R0)[cos(ϕ – θi) + cos(ϕ – θj)]. (22)

Taking into account the estimates given above, we have
–2βr/R0 ≈ –0.11. Therefore, for the FeIII complexes
with the exchange parameter –2J0 ≈ 50 cm–1 we get
–2J0(–2βr0/R0) = –2j ≈ –6 cm–1.

Figure 3 presents the calculated dependences of the
parameters –2jij on the angle ϕ plotted with –2j =
–6 cm–1. In accord with Fig. 2, the plots –2jij(ϕ) are
periodic functions with a period of 360° shifted by 120°
relative to one another. All three parameters –2jij differ
from one another at any ϕ value. However, two out of the
three parameters –2jij become equal in 60° intervals, which
corresponds to position of the bridging atom O in one
of three bisectrixes. At least at these points we have
|j´/J0| ≈ 0.2, which is consistent with experimental data
(see above).

Let us analyze the energy spectrum. Fig. 4 presents the
angular dependences of the energies of all levels with the
total spins S = 1/2 and 3/2 corresponding to the angular
dependences of the exchange parameters –2jij at –2J0 =
50 cm–1 and –2j = –6 cm–1 plotted using relation�
ship (22). The necessary solutions to the spin Hamilto�
nian (6) were obtained by numerical diagonalization of
the spin Hamiltonian matrices constructed using rela�
tions similar to those reported in Ref. 25.

The energy levels for S = 1/2 are independent of the
angle ϕ (see Fig. 4). It is easy to understand taking into
account that at any half�integer si

<E(S = 1/2)> ≈ j12 + j23 + j31, (23)

, (24)

and substituting expressions (22) into these relationships.
Therefore, information on the dynamics or possible lo�

calization of the atom O can only be extracted by probing
upper�lying levels. Note that the results of heat capacity
measurements are inappropriate in this case because at
high temperatures the magnetic contributions are masked
by lattice contributions while at low temperatures only
two low�lying levels are populated. The magnetic suscep�
tibility χ is also mainly "responsive" to the splitting ∆
rather than the angular coordinate ϕ of the atom O. In�
deed, determination of all three parameters –2J0, –2j,
and ϕ appeared in expression (22) requires that three ex�
change parameters –2Jij = –2J0 – 2jij be extracted from
experimental data. However, test calculations showed that
the χ(T ) curves plotted at –2J0 = 50 cm–1, –2j = –6 cm–1,
and any ϕ in the temperature range 5—300 K can be
reproduced using the equilateral triangle model employ�
ing the spin Hamiltonian (4) with an accuracy that ex�
ceeds the experimental error (~1%) by an order of magni�
tude. For this reason the results obtained in studies where
the experimental curves χ(T) were interpreted using the
irregular triangle model (see, e.g,, Ref. 42) cast some
doubt.

Now we will dwell on the results of neutron diffraction
studies that allow positions of all energy levels for S = 1/2
and 3/2 to be determined with spectroscopic accuracy. It
was found10 that complex [Fe3O(O2CPh)6(py)3]ClO4•py
exists in two forms, one of them having an equilateral
triangle symmetry and the other being characterized by
three different equidistant values of the parameters –2jij
(or –2Jij). This means (see Eqn (22) and Fig. 3) that
ϕ ≈ 0°±n 60° for the first form and ϕ ≈ 30°±n 60° for the
second form. To a first approximation, the geometry and
electronic structure of the cations do not reveal the pres�
ence of preferential directions (see above). However, it is
these preferential directions characteristic of the stacks of
triangular molecules packed with a sequential shift of 60°
that correspond to the point group P63/m. Electrostatic
fields induced along these directions can partially or even

Fig. 3. Angular dependences of exchange parameters –2j12 (1),
–2j31 (2), and –2j23 (3) plotted using relationship (22) at
–2j = –6 cm–1.
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completely retard the motion of the atom O in the circu�
lar groove.

A neutron diffraction study of two
complexes, [Fe3O(O2CCD3)6(C5D5N)3]NO3 and
[Fe3O(O2CC(CD3)3)6(DOCD3)3]Cl, was reported.24 It
was concluded that the complexes are best described us�
ing the equilateral triangle model (ϕ ≈ 0°±n 60°) and the
irregular triangle model (ϕ ≈ 30°), respectively. The
authors24 also revised the results obtained35 for a related
trinuclear complex K5[Fe3O(SO4)6(D2O)3]•6D2O and
showed that it is also best described using the model with
ϕ ≈ 30°. Unfortunately, the linewidths in the inelastic
neutron scattering spectra24,35 were as large as 10 cm–1,
which is comparable with energy variations of the S = 3/2
levels on change in the angle ϕ (see Fig. 4). Therefore, the
localization problem of the bridging atom O in the last
three complexes is still to be solved.

In conclusion, consider trinuclear CrIII µ�oxocom�
plexes. Information on this type of complexes is scarce.
However, the available data also point to displacement of
the bridging atoms O from the center of the triangle. Of
course, CrIII complexes have no unpaired electrons in
z2�orbitals to form the ground state 2E. However, this role
can be played by the in�plane π�type xz� or yz�orbitals,
which are also involved in the interaction with the x� and
y�orbitals of the central atom O. Naturally, in this case
the interaction energy is 2—3 times lower38 but the pa�
rameter β appearing in relationships (20) and (22) is
much larger.38 Therefore, it is no wonder that trinuclear
CrIII carboxylates are characterized by a |j´/J0| ratio of
nearly 0.1—0.15, which is somewhat smaller but of the
same order of magnitude as that typical of related FeIII

complexes.

This work was carried out with the financial support
from the Russian Foundation for Basic Research (Project
Nos 03�03�32517 and 02�03�33075).
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